ABSTRACT. We consider the eigenvalue problem Δu + λu = 0 in Ω with Robin condition ∂u ∂ν + αu = 0 on ∂Ω, where Ω ⊂ R n , n ≥ 2 is a bounded domain and α is a real parameter. We obtain the estimates to the difference λ D k − λ k (α) between kth eigenvalue of the Laplace operator in Ω with Dirichlet condition and the corresponding Robin eigenvalue for large positive values of α for all k = 1, 2, . . . We also show sharpness of these estimates in the power of α.
Introduction
Let us consider the eigenvalue problem Δu + λu = 0 in Ω,
where Ω ⊂ R n , n ≥ 2 is a bounded domain with C 2 class boundary surface Γ = ∂Ω. Here ν is an outward unit normal vector to Γ, α is a real parameter.
The problem (1) , (2) is usually called a Robin problem for α > 0 (see [7, Ch. 7, § 7.2]) and a generalized Robin problem for all α [6] .
There is a sequence of eigenvalues λ 1 (α) < λ 2 (α) ≤ · · · of the problem (1) be the sequence of eigenvalues of the Dirichlet eigenvalue problem
By the variational principle [11, Ch. 4 , § 1, no. 4] we have
It is easily shown the inequality λ k (α) ≤ λ D k which gives an upper bound of λ k (α) for all values of α. It was noticed in [2, Ch. 6, § 2, no. 1] that for n = 2 and smooth boundary lim α→+∞ λ k (α) = λ D k . Later in [13] for n = 2 were obtained the following two-side estimates:
where q 1 is the first eigenvalue of Steklov problem
In [4] for any n ≥ 2 we establish the following asymptotic expansion:
where u D 1 is the first eigenfunction of the Dirichlet problem (3), (4) . Let us note, that by properties of the function u
The behaviour of higher order eigenvalues of the problem (1), (2) for large positive α studied in [5] , where the following inequalities were obtained
The case α < 0 has received attention in the last years after [8] . It was shown in [8] that for piecewise-C 1 boundary lim inf α→−∞ λ 1 (α)/(−α 2 ) ≥ 1. Later for C 1 -class boundaries it was proved in [9] that lim α→−∞ λ 1 (α)/(−α 2 ) = 1. Here the condition of C 1 -class is optimal, in [8] were constructed plane triangle domains for which lim α→−∞ λ 1 (α)/(−α 2 ) > 1. In [3] authors proved that for C
Eigenvalues estimates
where the constants C 1 and α 1 does not depend on k.
P r o o f o f T h e o r e m 1. The relations (7), (8) show that the estimates (10) are sharp with respect to the power of α; the first power of α in the denominator in (10) cannot be replaced by α 1+δ with any δ > 0.
Let us consider the Dirichlet problem
We will denote by A D the linear operator defined by
The operator
Furthermore, consider the boundary value problem
By A α we denote the linear operator defined by
The similar arguments show that the operator A α is a self-adjoint positive compact operator in L 2 (Ω) and
To prove the inequalities (10) 
We apply this theorem to the operators (11), (12), (15) and (16) function w is a solution of the boundary value problem
where 
and
Now, applying the estimate (30) for h ∈ L 2 (Ω) we have an inequality
Then by the relations (18), (14) and the inequalities (24), (19) we get an estimate 1
Therefore, λ
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and taking into account the inequality
Proof of Theorem 1 is completed.
Boundary problem with a parameter
Proof of the inequalities (10) use the following estimate.
is a weak solution of the boundary value problem
In domains with C 2 -class boundary surface the weak solution of the problem (28), (29) 
Ì ÓÖ Ñ 3º
The solution of the problem (28), (29) obeys an estimate
with the constant C 2 independent of α.
The estimates of type (30) to solution of the problem (28), (29) were previously obtained for fixed α (see, for example, [11] ), but we need the estimate (30) valid with one constant C 2 for α → +∞.
P r o o f o f T h e o r e m 3. Taking v = u in the integral identity
we obtain
It follows from (32) that
Due to Γ ∈ C 2 a weak solution of the problem (28), (29) 
Combining (33) and (34), we have the estimate
For
obtained by direct computation. Integrating the relation (36) on Ω and applying the Gauss-Ostrogradskiy formula, we have
which is valid also for u ∈ C 2 (Ω). By the condition Γ ∈ C 2 we consider u as a function extended to R n \ Ω such that u ∈ C 2 (R n ).
To estimate the surface integral in (37) for u ∈ C 2 (Ω) which satisfies to the boundary condition (29) consider the local orthogonal coordinate system (y 1 , . . . , y n ) = y 1 (x), . . . , y n (x) in an arbitrary point x ∈ Γ such that nth axe direction coincides with outer normal vector ν to Γ and the origin is in x. The first n − 1 coordinate axes lies in the tangential hyperplane to Γ. Now, for any x ∈ Γ there exists the neighbourhood B ε (0) such that the surface Γ ∩ B ε (0) is determined by the equation
Note that
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In this local coordinate system we have
where the vector
is a tangential gradient of the function u on Γ and
is the Laplace operator in (n − 1)-dimensional tangential hyperplane. Due to (40)-(43) the values of I 1 (α) and I 2 (α) do not depend on the position of the y 1 , . . . , y n−1 axes in the tangential hyperplane. At first we consider the integral I 1 (α). The normal vector to Γ in Γ ∩ B ε (0) is
The boundary condition (29) in the local coordinate system is
Differentiating the equality (44) on y i , i = 1, . . . , n − 1, we obtain
Consider the relation (45) at y = 0. We have by (38) the following equality
Consequently,
Since Γ ∈ C 2 we have sup
Combining (47), (48), we obtain the inequality
Now, consider the integral I 1 (α). By the relation u y j y j u = −u 2 y j + uu y j y j we have
To estimate the second integral in (50) we need some result about differentiable functions on closed surfaces ( [12] , see also [10, Ch. 1, § 7] ).
Let Γ ∈ C 2 is a closed surface in R n and Θ be a tangential hyperplane to Γ at the point x. Let p(x) ∈ C 1 (Γ) is a vector function such that for all x ∈ Γ we have p(x) ∈ Θ. For any x ∈ Γ and x ∈ Γ ∩ B ε (x) we consider the projectioñ x of the point x on Θ and the projectionp(x ) of the vector function p(x) on Θ. Denote by div Θ p(x) the value of divergence of the functionp(x ) in (n − 1)--dimensional space Θ at the point x = x. Then
Now we set p = u∇ τ u. Consequently, in the local coordinate system (y , y n )| x we have 
